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Abstract. The gravitational field produced by a high-power laser is calculated according to the linearized
Einstein field equation in weak field approximation. It is found that when a probe pulse propagates in the
above gravitational field, the gravitational Faraday effect and defocusing phenomenon of the probe pulse are
induced by the gradient of the energy density of the high-power laser pulse. The rotating angle of the polar-
ization plane of the probe pulse and the variation of its light intensity are derived. The results are discussed
and estimated under the conditions of our present experiment facility.
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1 Introduction

It is well-known that the plane of polarization of a light
ray undergoes a rotation as it propagates through a plasma
in the presence of a magnetic field, which is called the
electromagnetic Faraday effect. The gravitational Faraday
effect is a gravitational analog of the usual Faraday effect
due to the structure of the curved spacetime. This effect
was first discussed by Skrotskii [1] and many authors have
examined this gravitational effect under different gravi-
tational backgrounds [2—4]. Under the curved spacetime
background, the orbit of light rays will deflect because
light rays parallel transport along the null geodesics in the
curved spacetime [5] and the plane of polarization of light
rotates. Carini et al. [6] discussed the rotation of the plane
of polarization and its intensity variation under the Kerr
spacetime background.

Relativistic gravitational effects mostly concern physi-
cal phenomena in large scale spacetime. With the rapid de-
velopment of high-power laser technology in recent years,
the intensity of a laser pulse comes up to the order of
magnitude above 102° W/cm?, so that its energy dens-
ity is strong enough to result in the spacetime nearby
being curved, which provides a gravitational field equiva-
lent. Thus, we can hope to detect gravitational effects
predicted by general relativistic theory in the labora-
tory. The study of general relativistic effects in the grav-
itational field produced by high-power lasers goes back
to 1979, when Scully [7] considered the deflection and
phase shifting of a probe pulse in the above gravitational
field. We also examined the energy shifting of hydrogen
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atoms [8] in the curved spacetime induced by high-power
lasers.

In this paper, we will study some behaviors for a probe
pulse propagating in the curved spacetime induced by
high-power laser using the approach developed by Carini [6].
These behaviors include two effects, one is the gravita-
tional Faraday effect in this gravitational background and
another is the defocusing phenomenon of probe pulse in-
duced by the gradient of the energy density of high-power
laser pulse when it travels near the high-power laser with
the same velocity.

Our research in this paper is as follows. In Sect. 2, the
gravitational field produced by a high-power laser is cal-
culated using the linearized Einstein field equation in the
weak field approximation. In Sect. 3, we adopt Hanni’s
definition of Maxwell equations in the curved spacetime [9]
and Carini’s transform of Schrédinger-like equation [6] to
derive the probe’s wave function in this gravitational field
under geometrical optics approximation. In Sect. 4, we as-
sume the probe is a beam of linearly polarized light which
can be described as the linear superposition of positive he-
licity state and negative helicity state. We calculate the
phase shifts of two helicity states respectively. It shows
that the phase shifts of these two helicity states are differ-
ent, hence the plane of polarization of this linear polarized
light superposed by these two helicity states will appear
a rotating angle. This is the gravitational Faraday effect in
this gravitational background. We also derive the probe’s
defocusing phenomenon when this probe pulse travels near
the high-power laser with the same velocity. Finally, the
result obtained is discussed and estimated numerically.
Throughout this paper, we use the natural units in which
h =c =1 and we take the signature (1, —1, —1, —1) for the
spacetime metric.
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2 The gravitational field produced by
high-power laser

The gravitational field caused by the energy-momentum of
high-power lasers belongs to weak field. The metric can be
expressed as

(1)

Guv = Nuv + h;u/ )

where 7, = diag(1,—1,—1,—1) is Minkowski metric of
a flat spacetime, and h,, denotes the perturbation de-
scribing a curved spacetime, which can be calculated by
linearized Einstein field equation

Oh,,, = 167G ( (2)

1
T, — 277WT> .

Here O = —0,,0" denotes D’Alembert operator, G is grav-
itational constant, T'=T%, and the energy-momentum
tensor T, is defined as

1

1
T,U«l/: A <F;1,AF)\V+477,UIVFUPFJP> .

(3)

The covariant electromagnetic field tensor F),, is given by

0 — By —Ey—Ej
(B 0 By -B
Fu=\Ey-B, 0 B | (4)
Ey By —By 0
and FW = pponpo By B, =17 F,,

We assume that the hlgh—power laser pulse is propagat-
ing in +z direction with velocity of v and consider that
this pulse as propagating down such a TE wave guide in
a transverse electric configuration. Thus, its electric field
and magnetic field can be shown as

e(r,t) sin(wt — kz), (5)
g(r,t)vsin(wt — kz), (6)

e(r,t) (1—2v?) 2 cos(wt — kz),

E,
B,
B,

where ¢(r, t) denotes the envelope of pulse given by

e?(r,t) = B Al0(v(t +T) — 2) — (vt — 2)]6()3(y) ,  (8)

where Ej is the amplitude of laser pulse, A denotes the
cross-section of laser pulse and T represents the duration of
laser pulse. The step function 6(z) is defined as

1, z>0
z2<0"

(9)
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Inserting (5)—(7) into (3), we obtain 9 nonzero components
of energy-momentum tensors 7},,, as follows

Too = 81 52(r, t) [(l = vz) + 202 sin® (wt — kz)], (10)
Too=Tph2 = (1 ) sin2(wt—kz), (11)
T30 = T03 = (I‘, t)’U sin (wt — k'Z) (12)
T = 8lﬂ_s (1 v2) [1 — 92 sin? (wt — kz)] , (13)
Tyy = 8171'5 (1 v?) (14)
T30 =Ths = e(r,t)v (1—v*)? 2 sin 2(wt — kz) ,

(15)
T33 = ! e%(r,t) [- (1—v?) +2sin’(wt —k2)] . (16)

8

Because the trace of T}, is defined as T, =n**1,,,
therefore using (10)—(16), we can prove that the trace of
T, vanishes, i.e. T'=T%, = 0. Hence, linearized Einstein
field (2) becomes

Ohyy = 167GT),, . (17)
Here the phase factor wt — kz can be written as —k(z—
vpnt) in which vy, is the phase velocity of high-power laser
pulse. From the expression of T}, we note that the energy-
momentum tensor can be expressed as T}, (2, Yy, 2 — Upit).
If we assume that the medium is non-dispersion, the
pulse’s group velocity v and the phase velocity v,;, are
identical. Thus, T}, (z,y,z —vpat) can be rewritten as
Ty (z,y,z—vt). We introduce a co-moving coordinate
& = z—wvt and then the D’Alembert operator can be writ-
ten as

o* o9* 9*  9*  9* o 9?

o T ow To2 T2 = ou2 Tayr TV ez
(18)
Assuming
rT=7, (19)
y=9, (20)

—(1-0)*¢ (21)

we can recast (18) in the form of

9  9* 02

L,
V= 0w T o T oe

(22)

hence the simplified linearized Einstein field(17) becomes

V2h, = 161GT), . (23)
From the (23) we note that the simplified linearized Ein-
stein field equation have the same form of Poisson equa-
tion. We solve the equation of V2hgy = 167G Ty firstly.
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The solution is

hoo = —41 (167GpA) [(1—v?) +20” sin®(kvt')]
400 +oo +oo
X / de / dy' /
y 0T — (1- v2) § 0((1— ) )]5(9/) (2")
[(x )2 (y—y)+ (€€
= (—4GpA) [(1—v?) + 2v* sin® (kvt')]
(1 v? %UT dfl
) /o [ +y2 + (6~ €)?)2
=[(1- vz) + 202 sin2(kvt/)] h(r,t), (24)
where
h(r,t) = (—4GpA) x
A(=?+y?)}

m({z—v(twn+{[z—v<t+T>]2+<1—v
(z—vt)+[(z —vt)2 + (1 — v2) (22 +y2)]5

1
)

)
and p is defined as p = EZ /87, which is the radiation en-
ergy density of high-power laser. To obtain the maximum
accumulated effect of the phenomenon we assume that the
probe pulse propagates along +z direction with the same
group velocity v in the width of high-power laser pulse just
like riding on it by the probe, i.e. the displacement dif-
ference between the probe pulse and the high-power laser
pulse z — vt can be considered as a constant. We also con-
sider the term of trigonometric function sin® (—k (z — vt))
as a constant term of sin?(kvt’) in which ' is a constant
between 0 and the laser pulse duration T'. The reason for
this approximation is that the wavelength of high-power
laser pulse can be compared with the displacement differ-
ence z — vt so that the variation of sin?(—k(z — vt)) almost
vanishes in a short time interval.

Analogically, we can derive the rest nonzero compo-
nents of h,, as follows

1
th = hg() = — (1 - ’U2) 2 sin(2kvt’)h(r, t) y (
h03 = h3() =—-2v sin2 (k’Utl)h(I‘, t) 5 (
hi1 = (1—v?) [1=2sin®(kot')] h(r,1), (27
h22 = (l - Uz) h(I‘,t) ) (

1
has = haz = v (1—v?) 2 sin(2kvt")h(r, ), (
hss = [— (1— (
For  the  ultrashort laser  pulse,

vT/ [(z—vt)? + (1 —v?) (22 +¢?)] 2 < 1, hence h(r,t
be simplified as

v?) + 2sin®(kvt')] h(r, ).

we have

) can

hrt) = —4GeV ,

[(z— 02+ (1 —02) (a2 +12)]2

where V = AvT is the volume of the laser pulse. Thus, pV’
denotes the energy of high-power laser pulse. Because the
energy of high-power laser pulse completely concentrates

(31)
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in its pulse width which is extremely short, the effective
range of perturbation h(r,t) is only confined in the width
of high-power laser pulse and moves with the same step
as the pulse. This also can be seen from the perturbation
expression (31). In another view, the (31) resembles the
Coulomb potential excited by a moving electron, but here
is the spacetime curvature induced by the moving high-
power laser pulse.

3 The Maxwell equations in curved space

3.1 General form of Maxwell equations
in curved space

There have been several ways to describe Maxwell equa-
tions in curved space according to the different definitions
of electromagnetic vectors. Here, we adopt Hanni’s defini-
tions [9], the spatial metric is defined as

Yij = —9ij » (32)
0i 05

ij ij , 99

Y 7= ) I + goo ’ (33)
i0
i g

gZ = 5 34
g% (34)
9i = 9oi - (35)

According to the definition of electromagnetic tensor Fj,,,
we have

E;=Fy, (36)
) ijk g
Bi=° """ (37)
2/
. FOi
Di = , (38)
\/goo
o Ik
;= Vi (39)

2\/g00

where v is the determinant of the 3D metric v;;. Maxwell
equations can be written in the noncovariant form

0 B

vxgp-_ ! 2WV1B) (40)

vy ot

D
vem= L 0P (41)

VY ot
V-B=0, (42)
V-D=0, (43)
with the constitutive equations

D= (3")% (BE+gxB), (44)
B= (") (H+Dxg). (45)

Carini et al. [6] define the photon’s wave function as |¥) =
D +4B and they transform Maxwell (40)—(43) into the
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form of a Schrédinger-like equation by using this definition

0
i 01 ®) =V x (19)/ Vg0 +igx ), (46)
together with the transverse condition
V-|¥)=0. (47)

1
By denoting g = (¢°%y) ? and making the replacement
|®) — |¥)/\/7, (46) becomes

. 8 > c > c

i 0 1%) = g(s K| + (5K ¥) + Vg x| )
+i(®)-V)g—i(V-g)|¥), (48)
where K = —iV is the momentum operator, s = {s;} is the

photon’s spin operator given by the adjoint representation
of SO(3), i.e. (sz)jk = —i€* and |P)° is the contravariant
three-vector corresponding to |¥), namely, |¥)§ = v;;|¥)7.
The transverse equation then takes the form K - |®) = 0.

3.2 The photon’s wave function in curved space under
geometrical optics approximation

Under the geometrical optics approximation, the wave
function of photon ¥ (r,t) characterized by a typical wave
number k£ and a frequency w, which are large enough in
comparison to the spatial and temporal rates of variation
of the propagating medium, can be regarded as a plane
wave locally. The space curvature induced by high-power
laser is so weak that its radius of curvature R is a large
number, therefore, we can denote the relation between R
and k as follows

kER~el>1,

where € is a small dimensionless parameter. Thus, we can
expand the photon’s wave function ¥(r,t¢) in the powers
of e,

1P
) = "
| @) Ze |\Iln>exp(6>, (49)
n=0
and then define the local wave vector and frequency under
geometrical optics approximation as

k(r,t) = V&(x, 1), (50)

w(r,t) = —0,P(r,t). (51)
Inserting (49) into (48) and keeping the zeroth order
only, we derive

Ho[®o) = w|¥o), (52)
where Hy|®o) = g(k-s)|®o) + (g-k)|¥o). (52) is the eigen-
state equation for a photon in the gravitational field in-
duced by high-power laser. If the space is flat, the param-
eters g and g can be calculated readily, i.e. g=1, g =0,
then, (52) reduces to the form of (k-s)|¥() = w|®¥y). This
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equation which is familiar to us describes the eigenstate
equation for a photon in the flat space and it has two eigen-
values, the positive helicity state with the energy eigen-
value w = |k| and negative helicity state with w = —|k|.
These two helicity states correspond to the right and left
polarization states of the photon respectively. However,
the positivity of energy allows us to have only the positive
state. For the negative energy state we may redefine the
wave function as |¥) = D —¢B, therefore the wave function
becomes (k-s)|¥o) = —w|¥y).

Let the unit vectors {e;}, ¢ = 1,2, 3 form an orthogonal
tetrad with ez along the direction of the wave vector k. As-
suming that |es) denotes the eigenstates above, then we
have

(e3-s)lex) = *lex), (53)

here we suppose that the amplitude of photon’s wave func-
tion is the unit magnitude and |es) can be expressed in
terms of the real vector basis {e; }

lex) = :|:\}2 (e1 tieq) , (54)

hence, the wave function of the photon can be written as
a linear superposition of the two helicity states |e)

o) = ¢Elet) +nle-),

where £ and 7 satisfy the normalized condition.

(55)

4 Faraday effect in the gravitational field
produced by high-power laser pulse and
probe’s defocusing phenomenon

Under the geometrical optics approximation, the wave
function only depends on its propagating path length. Let
C be the integral curve of k and the parameter s denote the
path length of this curve. Introducing a phase factor term
|¥) = ¢(s)|®o) and inserting it into (48), we have

2 (1)) = o(sK) (1%0)°%)
+(g-K) (|®o)p) + H (|To)y) , (56)

where H, (|®o)p) = Vg x (|¥o)°p) + i(|%o)p - V)g
—i(V-g) (1%0)¥).

Because the wave function only depends on its propa-
gating path length, the derivative of ©(s)|®) with respect
to t is zero, i.e.

2 (o)) =0. (57)

Inserting (57) into (56) and replacing it with K = —iV, we

have

9(=is-V) (|%0)p) + (—ig- V) ([o)p) = —H, (|¥o)p) -
(58)

Let ny be the unit wave vector, V = nxd, and ny = Vs,
then (58) becomes
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. 0 , 0

igni-s o (|Wo)%p) +ig-me, (|Wo)p) =Hs (|¥o)ep) -
0s 0s

Here we approximate |¥()¢ = |¥) for only considering the
first order of h(r,t) and multiply the wave number k on

both sides of above equation then we have

Moy (Wo)e) = KT, (1%0)e) ,  (59)

and take the inner product of both sides of the equation
with (Pg|, we have

dp _ (®o|Ho| 3 o) g (ol Hs [ Po)
dS <‘I’0|H()|‘I’()> <‘I’0|H0|‘I’0>

where Hs|‘I’0> = Vg X |‘I’0>C +Z(|‘I’0> . V)g - Z(v : g)|‘1’0>
Let the phase factor ¢ be exponential form ¢ = exp (i7,).
Insert it into (60) and integrate, we obtain

(60)

Yo = Yp1 T Vo2 5 (61)
where
(%, (Wo|Hy| W)
=1 ds s , 62
o /0 (Po|Ho|Po) (62)
and
5 (WolHs| W)
— ds 63
/0 (Po|Ho|®o) (63)

From (62) we find that -, denotes the Berry phase of the
photon. In this paper, we chiefly discuss some behaviors
induced by +y,,. We derive the result is that the term -y,
will lead to two phenomena one is the rotation of probe’s
plane of polarization in curved space produced by high-
power laser pulse and the other is the decrease of intensity
of the probe pulse via some computations. The thinking of
these computations is that we suppose the probe pulse is
a beam of linearly polarized light which is the superposi-
tion of the positive and the negative helicity states equally
at first. Then we calculate their phase shift traveling in
this gravitational background respectively and note that
they are different. Finally after resuperposing these two
helicity states which have different phase shift we obtain
the results that the angle of probe’s plane of polarization
and its intensity will vary. The detailed calculations are as
follows.

For calculating the integration in (63), we have to
derive the quantities relevant to the matrix element
(Uy|Hs| W) at first. In the present gravitational field, these
relevant quantities are

v =det |y;j| = 1— [(1—v?) +20% sin® (kvt')] h(r, t)

(64)

=1-[(1-v?) +20v®sin’(kot')] h(r,1), (65)
9=1(9"7) "2y +[(1=v?) + 20 sin®(kot')] h(r,1),

(66)

g={goi} =— (1-v?) 2 sin(2kvt')h(r, t)es
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—2usin®(kvt')h(r, t)es, (67)
because of h(r,t) < 1, we take the first order of h(r, t) in all

of the above computations.

For the positive helicity state of the photon, we adopt
|®o) = |e;) and the probe light propagates along with
+z direction. Insert the above definition and the relevant
quantities (64)—(67) into the matrix element (¥o|H,|®¢)
and calculate all parts,

(To|Vg x [¥)° = —ig (Vg)

v?) +20” sin®(kvt')]
(4 V)(z —ot)
[(z—vt)2+ <—v%@¢+yaﬁ

68)
i(Po|(|®o)-V)g = —; (1—2%) 2 sin(2kvt")
(4GpV)x
[(z—vt)2 + (1—02) (a2 +32)] 3
—i(1-v%) > sin(2kvt’)
y (4GpV)y
[u—vw%+a—v%@ﬂ+yaﬁ

)

69)

Li(Wo|(V )W) =i (1 %) % sin(2kot’)
y (4GpV)y
[(2 = vt)2 + (1= v?) (@2 + )]
+i2vsin?(kvt')
" (4GpV)(z — vt)

[(z—vt)2+ (1 —v2)(22 +y?)]2
(70)

Insert (68), (69) and (70) into (63) and let ~,;, denote the
Yp, effects induced by the positive helicity states of the
photon. Because the probe pulse propagates along +z di-
rection with the group velocity v, the differential of the
path length s = vt can be expressed as ds = vdt. Accord-
ing to the Sect. 2, the term z — vt can be seen as a constant
independent of time. Hence, after integrating, we obtain

Yoy =4 =i, (71)
where
vh = ;v (1—v7) 2 sin(2kvt’)
" (4GpV)z Lt (72)
[(z —vt)? + (1 —v?)(2? +3?)]2
and
vF = —v[(1-v*) —2v(1 —v)sin®*(kvt')]
(4GpV)(z — vt) " (73)

[(z—vt)? + (1 —v?)(2? +¢?)]2

For the case of negative helicity state of the photon, we
adopt |¥o) =|e_) and let v, denote the ~,, effects in-
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duced by the negative helicity states of the photon analog-
ically. We calculate it with the same method and obtain
that

Yog =Vs —Va (74)
where
_ 1 25 . /
Vo =Y (1—v%)? sin(2kvt")
y (4GpV)z ’ (75)
(= =002 + (1 - 02)(a? + y2)]
and
vy = —v [(1—v*) —20(1 —v) sin®(kvt')]
(4GpV)(z —vt) . (76)

[(z—vt)? + (1 —v?)(2? +y?)]2

From (71)~(76), we note that ~,0 and v, are different and
they have two parts which are the real term and the imag-
inary term. Comparing them, we can find that the rela-
tions between their real terms and imaginary terms are
v+H = -4, and 7 =, . It is evident that the real term
shows the rotation angle of probe’s plane of polarization.
As to the imaginary term, it shows that the variation of
intensity of probe pulse. For the linearly polarized light
which is the superposition of the two helicity states equally,
its rotation angle of probe’s plane of polarization can be
expressed as

$(t) = ;(mf =)
= ;fu (1—2?) 2 sin(2kvt’)
(4GpV)x

« st (77)
[(z —vt)? + (1= v?) (2% +y?)]2

It is the gravitational Faraday effect in the curved space in-
duced by high-power laser pulse. The variation of probe’s
unit intensity is I(t) = 627;.[0, where Iy = (| ®y) is the
unit input intensity of probe pulse. Because of ;" < 1, we
can expand the term €2a in terms of v+ and keep its first
order only, hence I(t) can be simplified as the linearized
form

I(t)~ 142y . (78)
From the expression of v, we can see that v <0 i.e.
el < 1, it shows that the unit probe’s intensity I(t) is
decreasing gradually along with its propagating direction.
This is a defocusing phenomenon induced by the gradient
of the energy density of high-power laser pulse.

5 Numerical estimate and discussion

From the above results, we find that the probe pulse can
produce two effects, one is the gravitational Faraday effect
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of probe pulse and another is the probe’s defocusing phe-
nomenon induced by the gradient of the energy density of
high-power laser pulse. To analyze our results further, we
need to estimate them numerically and give a suggestion
under the current experiment condition.

Because the probe pulse propagates in the same step
as the high-power laser, we can manage to control the ex-
periment to get the maximum effect. We are able to adjust
sin(2kvt’) =1 and try to emit a probe pulse at the same
time after the high-power laser pulse emitted. Thus, z — vt
can be considered as the width of high-power laser pulse,
22 412 can be seen as the effective cross-section of the laser
pulse. If x ~ y ~ r, where r is the radius of the effective
cross-section and vT' = z — vt denotes the width of the laser
pulse, (77) and (78) can be written as

3 (4GpV)r

;v (1—112)2 (79)

AI(t) = — I {2 lv(l—v) AL }t,
[(vT)? + (1 —v?)r?]2
(80)

where AI(t) = I(t) — Iy is the variation of I(¢). As what
have mentioned in Sect. 2, pV is the energy of high-power
laser pulse. Setting pV ~ 10J, r ~ 10*m and v = 0.9¢, the
order of the rotating angle ¢ is approximately estimated as

3 )

[(vT)? + (1 —w?)r?]2

and

¢~ (1074571t (81)
and the variation of intensity is
AT ~ —Ip(1072357 1)t (82)

The above results indicate that the pulses must propagate
a very long distance in order to get the measurable effects
in the laboratory. It is difficult to travel such long distance
in the present experiment condition. But if the pulses can
be restricted in a ring wave guide, the gravitational effects
can be amplified by prolonging the propagating time ¢ of
the pulses. With the development of laser technique and di-
agnose technology, we have the reason to believe that the
realization of these two effects in the laboratory will be
workable.
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